Abstract. We consider a notion of weak no arbitrage condition commonly known as Robust No Unbounded Profit with Bounded Risk (RNUPBR) in the context of continuous time markets with small proportional transaction costs. We show that the RNUPBR condition on terminal liquidation value holds if and only if there exists a strictly consistent local martingale system (SCLMS).
Introduction
In the Fundamental Theorem of Asset Pricing with proportional transaction costs, consistent price systems (CPS) introduced by [14] and [8] take the role of the dual elements instead of the equivalent (local) martingale measures. The CPS (S, Q) is defined as follows: S t S t − 1 < λ, the pair (S, Q) said to be a strictly consistent price system (SCPS).
We should note that whetherS is required to be a local martingale or a true martingale in the above definition depends on the numéraire and numéraire-based admissibility of self-financing portfolios; see section 5 of [20] for details. Sufficient conditions for the existence of CPS with strictly positive and continuous paths have been extensively studied in the literature. One well-known example is the conditional full support condition proposed by [12] . Other related sufficient conditions are discussed by [2] , [17] and [22] . Recently, for continuous price processes, [20] built the equivalence between absence of arbitrage with general strategies for any small transaction cost λ > 0, the absence of free lunches with bounded risk for arbitrarily small transaction cost λ > 0 and the existence of CPS for any small transaction cost λ > 0. Later, [11] investigated the general càdlàg processes, and they linked two equivalent assertions, i.e., the robust no free lunch with vanishing risk for simple strategies and the existence of a SCPS.
On the other hand, in the market without transaction costs, the existing literature analyzed market models which do not satisfy all the stringent requirements of fundament theorem of asset pricing. Compared to No Free Lunch with Vanishing Risk (NFLVR) condition originally defined by [9] , a weaker condition, which [15] called No Unbounded Profit with Bounded Risk (NUPBR) serves as a reasonable substitute using which one can still solve the classical option hedging and utility maximization problems. [15] , [3] , [7] , [13] and [6] showed the equivalence between NUPBR condition and the existence of a strictly positive local martingale deflator process, the existence of an optimal solution to the utility maximization problem and the existence of a numéraire portfolio.
Motivated by these results obtained for frictionless markets, we aim to determine a similar minimal condition on the market with frictions under which the utility maximization problems still admit optimal solutions. The main contribution is stated as the theorem of the equivalence between RNUPBR condition and the existence of SCLMS (S, Z) which is defined as follows.
Definition 1.2. (S, Z)
is called a consistent local martingale system (CLMS) for stock price S with transaction cost λ ∈ (0, 1) ifS is a semimartingale satisfying
and there exists a strictly positive local martingale Z t with Z 0 = 1 such thatS t Z t is a local martingale. We shall denote Z loc (λ) the set of all CLMS with the transaction cost λ. Moreover, if we have
we shall call the pair (S, Z) a SCLMS. And we denote Z s loc (λ) the set of all SCLMS.
The definition of CLMS is a generalization of the classical CPS, i.e., any pair of CPS is a CLMS, however the opposite is not necessarily true as Z can be a strict local martingale. In Examples 4.1 and 4.2 we demonstrate SCLMS's may exist even when we do not have the existence of CPS's. The second contribution of this paper is the result which shows that RNUPBR condition guarantees the existence of a solution to the utility maximization problem defined on the terminal liquidation value. We also discuss the existence of a numéraire portfolio. Therefore, RNUPBR is a sufficient condition on the market viability in the sense that optimal portfolio problems admit solutions.
The rest of this paper is organized as follows: In Section 2, we introduce the market model with transaction costs and define the RNUPBR condition on terminal liquidation value. We state the equivalence between RNUPBR condition and the existence of SCLMS at the end of this section. The proof of this result is given in Section 3. In Section 4, we discuss concrete examples of market models, for both continuous processes and jump processes, in which a CPS fails to exist, but we can find a SCLMS. Section 5 discusses the utility maximization problems under the RNUPBR condition.
Set-up And Equivalence Between RNUPBR And SCLMS
The financial market consists of one risk-free bond B, normalized to be 1, and one risky asset S. We will work with a probability space (Ω, F, (F t ) 0≤t≤T , P) that satisfies the usual conditions of right continuity and completeness. F 0 is assumed trivial. Throughout the paper we make the following the assumption: Assumption 2.1. (S t ) 0≤t≤T is adapted to (F t ) 0≤t≤T with strictly positive and locally bounded càdlàg paths.
We adopt the notion of self-financing admissible strategies defined by [23] :
Definition 2.1. Fix a stock price process S = (S t ) 0≤t≤T satisfying Assumption 2.1 as well as transaction costs λ ∈ (0, 1). A self-financing trading strategy starting with zero is a pair of predictable, finite variation processes
t , the canonical decompositions of φ 0 and φ 1 into the difference of two increasing processes, starting at φ
where the two integrals above in (2.1) are defined as predictable Stieltjes integrals. To be more precise, for any càdlàg process S and predictable finite variation process φ, we define
(See Appendix A of [11] for a detail discussion on predictable Stieltjes integrals. Also see a detailed interpretation of condition (2.1) in [23] .)
At time t = 0−, we assume that the investor starts with the initial position (φ 0 0− , φ 1 0− ) = (x, 0) in bond and stock assets for the given constant x > 0. The trading strategy φ = (φ 0 , φ 1 ) is called
We shall denote A adm x (λ) as the set of all x-admissible portfolios with transaction cost λ. Moreover, we will also denote V adm x (λ) as the set of the terminal liquidation value V liq T under the admissible portfolio (φ 0 , φ 1 ) ∈ A adm x (λ).
Parallel to the frictionless market, a weak no arbitrage condition can be defined via the boundedness in probability property of some target subspace of L 0 . The following definition of NUPBR is parallel to that of [15] . Definition 2.2. We say that the stock price process S admits an Unbounded Profit with Bounded Risk (UPBR) with transaction cost λ if there exists a λ ∈ (0, 1) and a sequence of admissible portfolio
(λ) and the corresponding terminal liquidation value (V liq,1 T (φ 0,n , φ 1,n )) n∈N is unbounded in probability, i.e.,
If no such sequence exists, we say that the market satisfies the NUPBR condition under the transaction cost λ.
We will introduce a slightly stronger condition than NUPBR in the following.
Definition 2.3. We say the stock price process S satisfies the Robust Unbounded Profit with Bounded Risk (RUPBR) with transaction cost λ ∈ (0, 1) if there exists another stock price process S ′ satisfying Assumption 2.1 and λ ′ ∈ (0, 1) such that
and the stock price process S ′ satisfies NUPBR with the transaction cost λ ′ > 0.
The following theorem characterizes the RNUPBR condition in terms of SCLMS. Its proof is delivered in the next section.
Theorem 2.1. Let the stock price process S satisfy Assumption (2.1) with transaction cost λ ∈ (0, 1). The following two assertions are equivalent:
(1) There exists a SCLMS (S, Z) for the market with transaction cost λ, i.e., Z s loc (λ) = ∅. (2) The market satisfies the RNUPBR condition with the transaction cost λ.
Proof of The Theorem 2.1
We split the proof into several steps. Proposition 3.1. If the stock price process S satisfies the Assumption (2.1) and there exists a SCLMS (S, Z t ) ∈ Z s loc (λ), then market satisfies the RNUPBR condition.
Proof. Since there exists a SCLMS (S, Z) such that sup t∈[0,T ]
(S ′ , λ ′ ) the set of terminal liquidation value under 1-admissible self-financing portfolios. We need to show that V adm 1 (S ′ , λ ′ ) is bounded in probability. To this end, we first have
By the definition of SLCMS (S, Z), we haveSZ is a local martingale. We claim that for any admissible portfolio φ ∈ A adm 1 (S ′ , λ ′ ), we have
where t 0 φ 1 u dS u is interpreted as a stochastic integral. To see this, we rewrite
Using integration by parts (see Proposition A.16 of [11] ) we obtain 
is a local martingale, applying integration by parts, we deduce that
By the Ansel-Stricker Theorem (see [1] ), we get Z t X t is a local martingale, and since
Since the right hand side is independent of the choice of V liq,1 T , we get that (3.1) holds true. By (3.1) and the fact that Z t is strictly positive for all t ∈ [0, T ] and hence Z T > 0 P-a.s., Lemma 3.2 of [13] implies that the set V adm 1 (S ′ , λ ′ ) is bounded in probability. Therefore, we can conclude that S satisfies the RNUPBR condition.
Before we continue we will collect a few results on frictionless markets. LetS which is a locally bounded, càdlàg F t -adapted process representing the stock price process in such a market. Definition 3.1. A simple strategy is a process of the form
for a sequence of stopping times 0 ≤ τ 0 < τ 1 < . . . < τ n = T and bounded F τ i -measurable random variables h i . The wealth process corresponding to this strategy starting with initial wealth x > 0 (when the stock price isS and there are no frictions) is defined as
The simple strategy is called x-admissible if we have X t ≥ 0 a.s. for all t ∈ [0, T ]. Denote X x,s the set of all terminal wealth X T with x-admissible strategies.
Based on the above simple strategies, Theorem 1.3 and Corollary 1.4 of [13] state an equivalent characterization of the NUPBR condition on terminal wealth when there are no transaction costs.
Lemma 3.1 ([13]).
LetS be an adapted process with a.s. càdlàg paths. The NUPBR condition with 1-admissible simples strategies holds if and only if there exists a local martingale deflator process Z for the set X 1,s . Moreover, if S is locally bounded from below, then NUPBR condition with 1-admissible simple strategies implies that S is a semimartingale that satisfies NUPBR condition with any 1-admissible predictable and S-integrable portfolios.
We also need the following local property of NUPBR when there are no transaction costs which is given as Proposition 3.1 in [6] .
Lemma 3.2. Suppose that there exists a sequence of stopping times (τ n ) n∈N increasing to T , such that for each n ≥ 0, S τn satisfies NUPBR on 0, τ n . Then, S satisfies NUPBR on [0, T ].
The following proposition is the key step in verifying the implication (2) ⇒ (1) in Theorem 2.1. Proof. First, we assume that there exists a càdlàg semimartingaleS such that sup t∈[0,T ] S t St − 1 < λ andS satisfies the NUPBR in the corresponding frictionless market. As in the proof of Proposition 3.1, we can find
For any admissible portfolio φ ∈ A adm 1 (S ′ , λ ′ ), we have
SinceS satisfies the NUPBR condition (without transaction costs), it follows that the set of terminal wealth process
where H is admissible self-financing portfolio in the frictionless market} is bounded in probability. Since each φ 1 satisfying (φ 0 , φ 1 ) ∈ A adm 1 (S ′ , λ ′ ) is also admissible in the frictionless market with stock priceS, the set V adm 1 (S ′ , λ ′ ) is also bounded in probability. As a result the price process S satisfies the RNUPBR with transaction cost λ ∈ (0, 1).
The proof of the other direction requires some preparation. Since S satisfies the RNUPBR with transaction cost λ > 0, then for any stopping time τ , we claim that the process S τ t S t∧τ also satisfies the RNUPBR condition with the transaction cost λ > 0. This follows from the fact that for any admissible portfolio φ on 0, τ , φ1 0,τ is an admissible portfolio on [0, T ]. Let us assume without loss of generality, we assume S 0 < 1. Then, inspired by Guasoni, Rasonyi and Schachermayer [20] , we define the sequence of [0, T ]-valued stopping times (τ n ) n∈N by
Clearly, we have τ n → T as n → ∞. We will construct a semimartingaleS satisfying (1 − λ)S t <S t < (1 + λ)S t . First set
on the stochastic interval 0, τ 1 , and
on τ n−1 , τ n . Then, we will paste the above process together and definẽ
By definition,S t is a semimartingale. Moreover, on each stochastic interval τ n−1 , τ n , we havẽ
Therefore, we constructed a semimartingaleS t such that
In the following part, we claim that each stopped semimartingaleS
1 {t=τn} satisfies the NUPBR condition in the corresponding frictionless market. We shall prove this inductively.
First, on 0, τ 1 , suppose that (S τ 1 t ) t≥0 admits UPBR without transaction costs. Then by Lemma 3.1, we get thatS τ 1 admits UPBR under 1-admissible simple strategies on t ∈ 0, τ 1 . Hence there exists a constant α > 0, forS
can find a sequence of 1-admissible simple strategies h m such that
where stopping times 0 ≤ ρ 0 < ρ 1 < . . . < ρ n(m) ≤ τ 1 and h m t = n(m)−1 i=0
Observing that on the interval 0, τ 1 , we haveS t ≤ (1 + λ) and
, where h t is the total variation of the process h t . By (3.9), we get that there exists c(m) → ∞ and
i.e., the set { h m τ 1 } m∈N is unbounded in probability.
For each fixed m, we will construct 1-admissible self-financing portfolio φ m = (φ 0,m , φ 1,m ) ∈ A adm 1 (S, λ). To this end, on ρ 0 , ρ 1 , we define
Similarly, on each subinterval ρ k , ρ k+1 for k = 1, . . . , n(m), we define
where we define
Clearly, we have (φ 0,m , φ 1,m ) is self-financing and 1-admissible. Clearly, φ 1,m τ 1 ≥ h m τ 1 , as the new strategy we constructed varies more than the original strategy. Therefore, by (3.9), we deduce that the family { φ 1,m τ 1 } m∈N is also unbounded in probability.
Since S satisfies RNUPBR condition on 0, τ 1 , we know that V adm 1 (S ′ , λ ′ ) is bounded in probability.
, it follows that and ξ τ 1 > 0 and η τ 1 > 0. Now using Lemma 3.1 of [10] , we obtain that the set { φ τ 1 , φ ∈ A adm 1 (S, λ)} is bounded in probability which is then a contradiction to the fact that { φ 1,m τ 1 } m∈N is unbounded in probability and (φ 0,m , φ 1,m ) ∈ A adm 1 (S, λ). We then assume thatS τn satisfies the NUPBR condition without transaction costs, and we claim thatS τ n+1 also satisfies the NUPBR condition. To this end, it is enough to show that on the stochastic interval τ n , τ n+1 ,S τ n+1 t satisfies the NUPBR condition. To see this, let us rewrite
where θ n t = θ t 1 0,τn and θ n+1 t = θ t 1 τn,τ n+1 . Now, suppose thatS τn satisfies NUPBR on 0, τ n andS τ n+1 satisfies NUPBR on τ n , τ n+1 , clearly, we have
So we can obtain that
which implies thatS τ n+1 satisfies the NUPBR condition. On the other hand, S t satisfies RNUPBR with transaction cost λ > 0 on τ n , τ n+1 since any admissible strategy (φ 0,n , φ 1,n ) on τ n , τ n+1 induces the admissible strategy
. Also, we haveS τn = S τn . Therefore, we can completely mimic the previous proof on the stochastic interval 0, τ 1 to verify thatS τ n+1 t satisfies the NUPBR condition on the stochastic interval τ n , τ n+1 .
Thus we proved that for each stopping time τ n , we haveS t satisfies NUPBR on the stochastic interval 0, τ n . Lemma 3.2 implies thatS t satisfies NUPBR on the whole interval [0, T ], which completes the proof.
Proof of Theorem 2.1. First, if assertion (1) of Theorem 2.1) holds, Proposition 3.1 gives the implication (1) ⇒ (2).
On the other hand, suppose assertion (2) holds. By Proposition 3.2, we conclude the existence of a semimartingaleS such that sup t∈[0,T ] S t St −1 < λ andS satisfies the NUPBR in the market without transaction cost. Therefore, we can obtain the existence of the strictly positive local martingale Z such thatSZ is again a local martingale. Hence (S, Z) is a pair of SCLMS, which completes the proof.
Examples of SCLMS's
We now construct two examples, one in which stock price process is continuous and another one in which the stock price has jumps, to demonstrate that the existence of a SCLMS is weaker than the existence of a CPS.
4.1.
The case of continuous stock price. The example in this section is essentially due to some of the results obtained in [20] . We first provide a sufficient condition on the existence of a SCLMS which will be used in constructing the example. To this end, we shall first introduce the concept of obvious arbitrage (OA).
Definition 4.1 ([20]
). Let S satisfy Assumption 2.1 and have continuous paths. We say that S allows for an OA, if there are α > 0 and [0, T ] ∪ {+∞}-valued stopping times σ ≤ τ such that {σ < +∞} = {τ < +∞}, P(σ < +∞) > 0 and Proof. Proposition 1 of [20] proved that the exists a sequence of stopping times ρ λ n such that the stopped process S ρ λ n admits a λ-consistent price system (S n , Q n ). Moreover, according to their proof, one has the concatenation property, i.e., on each 0, ρ λ n−1 , we getS n t equalsS n−1 t and
. Therefore, for each n ∈ N, we can define P-martingales Z n by
It is clear that Z n t > 0, furthermore, we have Z n = Z n−1 on the stochastic interval 0, ρ λ n−1 . Therefore, by pasting the process (Z n ) n∈N , one can define a P-local martingale such that Z t > 0 for all t ∈ [0, T ]. Similarly, we can paste the process (S n ) n∈N . SinceS n Z n is a P UI martingale according to the construction of eachS n , it is easy to see thatSZ is a P-local martingale. Hence, we proved the existence of a CLMS (S, Z).
For any λ ∈ (0, 1), we can find a CLMS (S ′ , Z ′ ) for the stock price S with smaller transaction cost λ ′ ∈ (0, λ) (by the above arguments). Then clearly, (S ′ , Z ′ ) is a pair of SCLMS for the stock price S with transaction cost λ and Z s loc = ∅.
Remark 4.1. We want to point out that the no OA condition is not necessary for the existence of SCLMS. The following example from [19] illustrates this point: Define X t exp(W t − t 2 ), t ≥ 0 where W t is a Brownian motion and (F t ) t≥0 is its natural filtration. Define the a.s. finite stopping time τ inf t : X t = 1 2 , and set
Define also G t = F tan t , 0 ≤ t < π 2 and G π 2 = F ∞ . Clearly the stock price process S admits an obvious arbitrage by setting σ = 0 and τ = π 2 . However, the process S t is a G t -local martingale, proved by [18] . We can see that (S, Q) (S, P) is a pair of SCPS for any transaction cost λ ∈ (0, 1) and hence an SCLMS.
As an application of Proposition 4.1, we will demonstrate that an SCLMS might exist even when a CPS may not.
Example 4.1. Let (W t ) t≥0 be a standard Brownian motion with respect to (Ω, F, P 0 ), and define X t = exp(W t − t 2 ). Define the sequence of stopping times (ρ n ) ∞ n=1 by ρ 0 = 0, ρ 1 = inf{t ≥ 0 : X t = 2 −2 or 2} and, for n ≥ 1, let
Define the stopping time τ = min{ρ n : X ρn = 2 −n+2 } and the stock price process S is defined by
Next, define a probability P on F by
The market model consists of the price process S under the probability P. (One can then choose a deterministic time change from [0, +∞] to [0, T ] to turn this into a finite horizon model.) Proposition 7 of [20] proved that (S t ) 0≤t≤T satisfies the assumptions in Proposition 4.1. As a result, there exists a SCLMS (S, Z). However, they also showed that there is no consistent price system for all λ ∈ (0, 1). They did this by a contradiction argument: Here P is constructed so that P(τ = ∞) = 0. However, if exists a CPS (S, Q) it would have to be Q(τ = ∞) > 0, which yields a contradiction.
4.2.
The case of Jump Process. We will rely on the results of [21] to construct our example. It is easy to check that φ * = (φ 0, * , φ 1, * ) is self-financing. Moreover, we have
where the last equality is due to the fact that βτ = 1 on the event {τ ≤ ρ}. Let us choose λ > 0 small enough such that
Then, we obtain that
Moreover, for any t < τ ∧ ρ, it is easy to see that
since (1 − βt)e −1+βt is decreasing in t and λ < 2 . Hence, φ * is x-admissible, i.e., φ * ∈ A adm x . Then we define the probability P by dP dP 0 = Y T .
We have P is absolutely continuous with respect to P 0 . Moreover, the process 1 Y is a positive P-strict local martingale with P(
. Now, since the process 1 Y is a P-local martingale and
We will show the non-existence of a CPS by a contradiction argument. Let (S, Q) be a CPS. For the fixed x = 1 − e −1 and for any φ = (φ 0 , φ 1 ) ∈ A adm x , as in the proof of Proposition 3.1, we have
Now, sinceS is a local martingale under Q, it follows that x + T 0 φ 1 t dS t is a supermartingale under the same measure. As a result
for any φ ∈ A adm x , which is now a contradiction to the fact that V
P-a.s. (and hence Q-a.s.).
Utility Maximization Problem under RNUPBR
In this section, we will see that the RNUPBR condition implies the existence of an optimal solution to the utility maximization problem defined on the terminal liquidation value. We first need some conditions on the utility function.
Assumption 5.1. The utility function U is defined on [0, ∞) and U is continuously differentiable, strictly increasing and strictly concave. We further assume that the utility function satisfies the Inada conditions and the reasonable asymptotic elasticity, i.e.,
The utility maximization problem on the terminal liquidation value process is defined by
Since the set V adm x itself is not convex, we can instead consider its solid hull:
(λ)} = xC(1) and C(x) is convex and solid. Moreover, due to the monotonicity of the function U (·), it follows that
The next theorem demonstrates that RNUBPR condition is enough to ensure market viability.
Theorem 5.1. Let the utility function U satisfiy the Assumption 5.1 and the stock price process S satisfy Assumption 2.1. Suppose also that there exists x > 0 such that u(x) < +∞ (and hence for all x ∈ R + ). Consider following three assertions:
(1) S satisfies RNUPBR condition with transaction cost λ.
(2) For any initial wealth x > 0, there exists a unique optimal portfolio (φ 0, * , φ 1,
(3) S satisfies NUPBR condition with transaction cost λ.
We have the following implications:
Proof. : We will first prove (2) ⇒ (3). The proof of (1) ⇒ (2) requires some preparation and will be delayed to the end of this section. Given any fixed λ ∈ (0, 1), suppose that the utility maximization problem (5.2) admits an optimal solution. We need to check that the space V adm 1 (λ) is bounded in probability. Choose a constant
we can always keep the cash α > 0 in the riskless asset. Now, consider the investor with initial wealth 1 + α, and assume V * ,1+α T is optimal for the utility maximization problem
For any V liq,1 T ∈ V adm 1 (λ), we claim that
In order to show this claim, for any fixed ǫ ∈ (0, 1), we define
Due to the convexity of the space C λ (1 + α), V ǫ T ∈ C λ (1 + α). The optimality of V * ,1+α T and the monotonicity of function U (x) imply that
2 ) is dominated by an integrable random variable.
Since AE[U ] < 1, there exist constant x 0 > 0 and γ > 0 (see [16] ) such that
Let us write
For the second term, we have
for some constant K 1 independent of ǫ. And the right hand side is integrable since u(1 + α) < ∞.
On the other hand, the first term in (5.7) satisfies
Hence, we can conclude that (V
is bounded above by an integrable random variable. Now, sending ǫ → 0 in (5.5), using Fatou's Lemma for the positive part and the Dominated Convergence Theorem for the negative part, we deduce that (5.4) holds true. From this inequality it follows that
If we can show U ′ (V * ,1+α T ) > 0 a.s., then by Lemma 3.2 of [13] , we can conclude that the set V adm 1 (λ) is bounded in probability. If we assume that P(U ′ (V * ,1+α T ) = 0) > 0, then P(U (V * ,1+α T ) = ∞) > 0 since U ′ (+∞) = 0. We obtained a contradiction to the fact that u(1
For the proof of the direction (1) ⇒ (2) of Theorem 5.1, we need additional results.
Lemma 5.1. If S satisfies RNUPBR with transaction cost λ ∈ (0, 1), the set { φ 1 T : (φ 0 , φ 1 ) ∈ A adm 1 } is bounded in probability.
Proof. The proof is similar to the proof of Proposition 3.2.
The proof of the following result is also crucial in establishing the existence of a numéraire portfolio in the next section.
Proposition 5.1. If S satisfies RNUPBR with transaction cost λ ∈ (0, 1), the set C(1) is closed under convergence in probability.
Proof. Take a sequence V n T ∈ C(1) such that V n T →V T in probability, and by passing to a subsequence, we can assume without loss of generality that V n T →V T a.s.. We need to verify that V T ∈ C(1). Consider now a sequence X n ∈ V adm 1 satisfying V n T ≤ X n T . By the definition of V adm 1 , there exist a sequence (φ 0,n , φ 1,n ) ∈ A adm 1 and X n t = 1 + φ 0,n
} is bounded in probability. And Lemma B.4 of [11] implies that there exists a sequence θ n ∈ conv(φ 1,n , φ 1,n+1 , . . .) such that θ n converges pointwise to a finite variation processφ 1 such that also θ n converges to φ 1 pointwise. The latter convergence implies that { θ n t } n∈N is bounded in probability for all t ∈ [0, T ]. Following a proof similar to the proof of Lemma 4.3 of [10] , we can get sup n≥1 θ n t < ∞ a.s. for t ∈ [0, T ]. By the assertion (iii) of Theorem A.9 of [11] , the pointwise convergence of predictable Stieltjes integrals
for any càdlàg process S follows. Using the same sequence of convex combinations in the definition of θ n , without loss of generality, we can consider X n as the resulting process after the forward convex combinations. Similarly, we define θ 0,n = conv(φ 0,n , φ 0,n+1 , . . .) following the same convex combinations. It follows that
Therefore, we obtain that
We have the following lower-semicontinuity property
thanks to (iv) of Theorem A.9 of [11] . Letting n → ∞ in (5.10) and using (5.9) and (5.10), we obtain 12) due to the bipolar theorem of [4] . We also have that C(1) is bounded in probability and that it contains the constant 1. Moreover, constant x ∈ C(x), hence, we have Y(y) ⊆ L 1 . Now we can apply Theorems 3.1 3.2 of Kramkov and Schachermayer [16] (ii) Log-optimal, if
(iii) Growth-optimal or relatively log-optimal portfolio if
for all V liq,1 ∈ V adm 1 (λ)
Corollary 5.1. Let S satisfy Assumption 2.1 with transaction cost λ ∈ (0, 1), consider the following assertions:
(1) S satisfies the RNUPBR with transaction cost λ. Proof. Thanks to Proposition 5.1 and Theorem 5.1, the proof goes through almost unchanged following proofs of Theorem 5.1 of Christensen and Larsen [7] and Proposition 4.3 of Becherer [3] .
